I'naBa 5

MomupunuupoBanHbIi BApHAHT
NPOCTPAHCTBEHHO-BPEMEHHOM

reoMeTpu4ecKkou ONTHKH 15 cpej

C MPOU3BOJILHBIM 32aKOHOM YaCTOTHOH UCIIEPCHH

§ 1. Beenenne

PaccMoTpuM 1eHTpanpHbIA BONPOC MOHOrpaduu — pa3paboTKy
monuduuuposanHoro Bapuanta IIBI'O aust cpen ¢ npousBoabHBIM
3aKOHOM YaCTOTHOH AHUCIIEPCHH.

3a OCHOBY B35T HM3/IOXKEHHbIH B riiaBe 4 MOAXOH K BHIBOAY
ypaBHenuit [IBI'O. PesynbTaThl, mony4yeHHble paHee [iist 4aCTHOTO
cny4yasl YJaCTOTHOM MMCIEPCHM, 3aJaBaeMoi ypaBHeHueM Kneina-
Fopmona, a uMenHO: 3¢pexT AUCIEepCHOHHOM pedpakuud u KOp-
pekuusi BeJIMYUHbI OOBIYHOH pedpakLil, KOTOPbIE HE MOTYT GbIThb
ONHCaHbl B paMKax crangapTHoro noaxona [IBI'O, coBepuienHo oue-
BUJTHO, OJIXKHbI MPOSIBJIATHLCS [JIsl BCEX CPEN C YaCTOTHOM gucnep-
CHEH, NOCKOJIbKY NIPUYHHA BOSHHKHOBEHHS 3THX 3¢ eKTOB — oOLImi
HEJIMHEHHbIA XapaKTep 3aBUCUMOCTH YaCTOThI () U BOJHOBOI'O YHCIIa

k B muCcrIepcHOHHOM ypaBHEHHUH.

§ 2. YpaBHeHHe 3{KOHAJIa ¥ ypaBHEHHE NlepeHoca

s nonyyeHus: ypaBHEHHIl 3KOHANA U IEpPEHOCA MOACTABAM
aH3aTIl

U(r,t) = A(r, t)exp{i'¥(r,1)}

B ypaBHeHus (1.1a), (1.2a) u BeIie UM NEHCTBUTEIBHYIO # MHUMYIO
9aCTH KOMIUIEKCHOTO YpaBHEHHSI

%A £ ® 1 d’w,, 9°A
ViA-20 28 skt ipafog? pQu, 000 A
c? ot? c? ¢t 2¢ dw? or?
+L2§9M8—A+iv-kA+’€—§a—‘°A+i2k-VA+i§22m§é:0. (5.1)
c- Jdw oJt ¢ ot c ot
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3peck, kKaK ¥ paHee, rpagueHT VW 0603Ha4YeH KakK JIOKAIbHbBIN
BoniHOBO#M BeKTOp K(r, 1), a —0W/dt Kak nokanbHast yactora o(r, f).

HuTterpanbhbiii onepatop M(U) (1.2a) ceegen Kk auddepen-
HMATBHBIM ONIEPATOPaM CIIEAYIOLIUM TYTEM.

Paznoxum an3atu B pan Teinopa:

0A 19%°A :
U:[AO +Et+~2—?t2)exp{l(\y0—mt)}.
Ilocne noacTaHoBKY 3TOro BhipaxkeHwus B (1.2a) mis ¢ = 0 umeem
wo [ O%h oA 13%A
MU)=e"" | —(1 ——T+——1° |exp(—iwT)dT. 5.2
()e£8t2<)[A0 T ]xp(z) (5.2)

3aMeTHM, YTO MHTErpanbHOe BblpaxkeHue (5.2) 3KBUBAJIEHTHO
®ypre-npeobpazoBanuio (1.5). Mcnonb3ysa oueBHIHbIE CBOMCTBa
npeo6pa3oBanus Pypbe
3"e(r,w)

- : .\
E‘(‘:‘E £(r,t)exp(iot)dt = (i) o

Oy YAM
ia(mz(so —€))0A

MU)=¢e"° [0)2(80 —€)Ay — P >

_19%(0*(g,—8)) 0°A
2 ow’ o |
3pech Mbl mpeHeGpernu wieHoM —i/2(dw/dt)t> B a3oBoit
(yHKIMHA P, TOCKONBKY €T0 BIMSHUE HA PE3yNbTAaT HE3HAYATEIILHO B
cuny yenosuid mpumeHumoctu I[IBIO (4.1).
HeiicTBATENBHO, §°h/dt > — "6picTpas” (pyHKIHUS IO CPAaBHEHHUIO C

exp(—ia—mtz)
20 )

CNENOBATENLHO,
0’h i 90 9’h
a?(r)exp(—agtzjz a7(1:).

B acumnrornueckom Beipaxkenuu pasi M(U) nmpoiecc MHTErpu-
POBaHus, KOTOPBIA, COOCTBEHHO, U OIpeAesieT "maMsaTh" BOJHBI O
NpebIAYIIMX 3HAYEHUSIX (T.€. YaCTOTHYIO AUCIIEPCHIO) HESBHO IpU-
cyTcTBYeT B BenuuuHe € (1.5).
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HeicreutenbHast 4acTh (5.1) conepXXuT ypaBHEeHHE 3AKOHANa

2
€, ®
_E® | DOy

2 2
C c

k? =0, (5.3)

roe
o, =0’ (g, ~€),
H JONMOJIHUTEJIbHBIC YJICHbI
_§ A 1 Yo, PA
c® o 2¢F dw? o9t
MHuMasi 4acThb COEPXKUT ypaBHEHHE MEPEHOCA

€, 0W 2e, O0A
—=—A+2k-VA+—0—=0 5.4
c ot 2o ©

VA

V-kA+

¥ IOTIONHATENbHbIA WIEH
[ 0w, 0A

c¢? dw ot

ITo cpaBreHuio ¢ YKI', B KOTOpOM TakXe NPHUCYTCTBYIOT JO-
NONHHUTEbHbIE WICHBI K YPaBHEHHUIO 3HKOHA/Ia

., 10°A
ViA-——5,
c” ot
AMEIOIINE NOPSAROK MAaTOCTH O(x?), B O61EM Cllydae BO3HHKAET €lle
OJiHH 4JIEH
1 d’w, 0°A
2¢* dm® o’
. 4

HMEIOLIHIl MOPsifoK MantocTi Oy, ).

JInsi NpOM3BOJILHOTO 3aKOHA AMCIepcud B MHHMMo# vactu (5.1)
(T.e. B ypaBHEHHH IIEpeHOCca) NOSIBASIETCS YJIEH

1 dw, 0A

¢’ 9w ot

nopsAgka MajocTH O(xz), kotopelit B YKI" orcyrcrryer.




§ 3. Cranpaprusii Bapuaunt IIBI'O

Huxe MpI NOBTOPHM BCe BBIKJIAAKH, KOTOpbIE [eIand B riase 4
nas YKI, Ho Tenepsb st ciiyyasi IpOM3BOJIBHOTO 3aKOHA AMCIEPCHH.
BexTop rpynnosoii ckopoctu

dr

—=V 5.5
d* )

3aj{a€T COOTHOILEHHUSI MEXKAY MPOU3BOAHBIMU:

d_d

—=—+V,-V. 5.6
dt or °F ©0
Onpenensa V, = dwo/dk, nonyuum u3 3akona gucnepcus (5.3):
v-do_o Kk 5.7)

dk £,0

Huddepenuupys (5.7), nony4uum npoussopuyto dV, / dt, koTopas
ONMHUCHIBAET pepakUMOHHbIE 3(PPEKTHI:
dV, ¢ dk c’kde, c’k do
dt g0 dt €0 dt g0’ dr

Juddepennuposanue (5.3) o r u ¢ onpefensieT CBA3b MEXAY
YaCTHBIMH NPOH3BONHBIMHU:

g,0Ve | o’Ve, Vo,
A _

k-V)k+kx(Vxk)= 5.8
(k-V) ( ) Py Y (5.8)
u
0 _ck k_ ok, 1 oo,
ot ew oJr 2¢, ot 2we, Ot
2
__L_li.vm_ ® dey 1 a(")M_ (5.9)

€0 E ot 2we, Jr

B cranpapTHom nopgxone k x (V x k) B (5.8) paBeH Hyit0, 4TO
9KBUBAJIEHTHO BBEJEHHUIO JIOKAILHO-TIJIOCKON OTHOPOJIHOM MOHOXPO-
MaTH4eCKOH BOJHBI B KAYE€CTBE MOJEH HOJIS.

a5t craupoHapHo¥ cpefsl, rae dg, /ot = 0, dw,, /ot = 0, nonyyum

dt
JeAcTBuTENBLHO, B COOTBETCTBHH C (5.6)
do Jdw

—=—+V,-Vo.

dt ot
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C ngpyro#l cTopoHsl, s cTauuoHapHO# cpenbl u3 (5.7) u (5.9)
NoNyYHM

om
—=-V -Vo.

ot ¥

Bripaxxenue nist nponssopHoit dk/dt cnenyer u3 (5.6) n (5.8):

oVe, Vo,

dk—ak+(Vg-V)k= .
2e, 2g,m

dt ot

OKOHYaATENBLHO Ipon3iBOgHasA BEKTOpa prHHOBOﬂ CKOpPOCTH

3alTHCBIBACTCA KaK

dv c? ® c?
E = |1 -—M. Ve Vo,,. 5.10
dt 2el ( g’ ) ° 282w M ©-10)

B onnoponHoii cpepe (Ve, =0, Vo,, = 0) npoussoanas

dv, _o,

dt
4YTO 03HA4YaeT HEBO3MOXHOCTb onucaHus 3 dekTa JUCIEepPCHOHHON

pedppakuuu ¢ nomouisto craugaptaoi I[IBIO.

§ 4. AbTepHATHBHBIN CHIOCO0 NMOJTyYeHHs]

Jly4eBbIX YPABHEHHH
ByneM, kak M paHee, MCIOJB30BaTh ONpeJeleHHE BEKTOpa

TpyNInoBO#A CKOPOCTH
_(P)
W)

PaccMoTpuM cTayMoHapHy0 HeofHopojHyio cpepy. Ilycts

amnnurtyga u ¢asza noas U B Touke Ry, T, U ee OKpEeCTHOCTH 3afaHbl

(5.11)

panom Teitnopa:
1 2, OA
URy+r, T, +1)= A0+r-VA+5(r~V) A+_87t+

2
+1§—At2 +r-(V%—?)t}exp{i(‘I’0 +r-k+%r-(r-V)k—

—a)t—%aa—(;)tz —r-th)}. (5.12)
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Cnenys MeTouke, ONMCaHHOM B ri1aBe 4, HaigeM s noust (5.12)
rpapueHt VU, npon3ssonnyto dU/dt u Beruucaum P u W no ¢popmynam
(1.13), (1.14).

Ilycts ycnosus npumenumoctr [IBI'O (4.1) Beinonustorces. s
clydasi Cpefl ¢ IPOHM3BOJIbHBIM 3aKOHOM [JHCIEPCHH YCIOBUSA IpU-
MEHUMOCTH KOHKPETH3UPYIOTCS KaK

Vk |Vxk| |Vo| VA |VA| 1
k| |k] o |VA] A L’
|V£o|~'va'~L.
€ 5 Ly’

dw/dt 9*Alor? dA/or 1

®  oAlor A T,
o 2 A At

k|’ o’ Ly L Ty
HaiineM cpepnumii motok aHepruun P M CpeaHIO0 IUIOTHOCTD

sHeprud W B TOouke HabOmI0neHus ¥ ee oKpecTHocTH Ry, Ty:
/2 t/2

<P>=l I P(r, t+£)dE; <W>=l j W(r, t+E)dE.
T T

-1/2 -t/2

A

HnaTerpupoBanne BbipaxkeHudd gna P m W 3a nepuom t =
=2n/(w + r - Vo) naet

c? 0A 0J°A 0A
<P>‘E{’(5?+'a?"”'(vi))x
0A

x(VA+(r.V)VA+V%—’:t)+(AO +r-VA+%(r-V)2A+Et+

+lﬂ+r‘(Va—A)t 2(w+r-Vm+a—th k+(@-V)k-Vor
2 ot? ot ot
(5.13)

H

1 1 A °A aA Y
(W):E{(e(ﬁr-Veo +5 (r'V)zeOI—£+yt+r-(VED +

2
+ CZ(VA +(r-V)VA +(V%—’j)t) }+
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1 1 0A 19°A
+—| Ay +r-VA+—(r- VY A+—1+——51"+
41(A° ARSI Y
2

2
+r-(V%?)t) {(eo +r-Vg, +%(r-V)2£0)((o+r~V0)+%(;—)t) +

+c2(k+(r-V)k-Vor)? +(mM +r-Vo,, +%(r.V)2mM)}. (5.14)

3pech Mbl npeHeOperin YieHaMu BBICIIMX MOPSANKOB, BO3HHUK-
[IMMH B IpOHECcce HHTETPUPOBAHUS.

BekTop rpynnoBoit ckopoctd B Ry, Ty B OKpECTHOCTH BbBI-
paxaercst popmynami (5.11), (5.13) u (5.14).

B rouke Ry, Ty OH iMeeT BUf;

V = wk —(0A/1)VA/ A
g 2 2., 2 2y A2
€, +0.5{e((dA/ )" +c“(VA) '}/ Ag
Ecnu B (5.15) or6pocuts wieHbl nopsigka O(x?), Mbl [IOTYy4YHM
dhopMyny, coBnagaromyo ¢ (5.7):
k
2

Vg =c¢"—.
€0

(5.15)

BoiGupast B KauecTBe HE3aBUCHMOM NIEPEMEHHON U IPUHUMAs! BO
BHAMAaHHE YTO

ﬂzl; iifzv =62_k_,
dt da ¢ €0

HaiiieM MPOM3BOMHYIO BEKTOPA IPYINIIOBOA CKOPOCTH:

dv 2 2
g=_C -2 lve S 11-24 |V, +
dt 2g; £,0 2e,0 £,0

4 2
+E2m (k. V)k- M Ve, (5.16)
0] o®

3nmech Mbl IpeHEOperan WwieHamu nopspka O(x?).

§ 5. Mopeim nonn

HauneM co craHgapTHOU Mopend noist. byneM paccMarpuBaTh
o0IuiA ciay4yail cTalMOHApPHOH HEONHOPOJHOM CpENbI [Jisi BOJIHBI,
EMEIOIleNl KaK MONEepPedYHyIo, TaK H MPOAOJIbHYI0 YAaCTOTHYIO MO-
RYTSALAIO.
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ITyctb BexTOp k B Touke X, Y,, Ty HanpaBJieH BRONb OcH X. Takoe
HalpaBJIeHHE BbIOpPaHO TONBKO M3 JKEJaHHsS YAPOCTUTHL (POPMYIIbI H
He BiIUsSeT Ha OOIIHOCTb pe3ylbTaTa. B 3TOH TOYke ompeneruM
[EeHTpaJlbHyI0 4YacTOTy , YaCTOTHBIA TpagueHT (MOAYISLHIO)
Vo = e,(dw/dx) + e(dw/dy), mpoussofHyio 0k/dy, 3amaromyo pac-
XO[IUMOCThL JIy4ye#d, a TaKxXXe HapaMeTpbl CpPEAbl: €, M » H
Ve, =e (de,/dx) + e, (0g,/0y), Vy = (0w /0x) + €(0wy,/dy).

B crangaptHoii [IBI'O ocranbHble mapaMeTpbl MOMIs OMNpe-
mensirorcsi U3 ypaBHeHu#t (5.3), (5.8) u (5.9). Tak, Benuuyuna npo-
HONBHOTO BOJIHOBOI'O BEKTOpA k, cnepyeT u3 (5.3):

A
x 2 2 "
C C

M3 (5.8) onpenensiores npousBonHbie BekTopa k:
ok gwdn o dg, 1 Jw,
—=e —+ — - +
ox ‘\c’k, dx 2c%k, ox 2c%k, ox

g oo o dg, | o, )
Sl 2, 3ot 52 S, 5 o F

¢k, dy 2ck, dy 2c’k, 9y

W3 ycnosusa V x k= 0 cnenyer 0k, /dy = ok, /0x:

ok gw dw > dg, | dw, ok,
ke ex 2 -—+ b T 2 +e‘. —.
dy ¢k, dy 2c’k, dy 2c°k, dy Y dy

Ypasuenue (5.9) onpenensieT NpOU3BOAHYIO 0w/0r:

o __c2kx i)

o g, Ox

Pasnoxenne Teinopa ¢azosoit pyukuuu ¥ B (X, + x), (Yo + y),
(T, + ¢) 3amucbIBaeTCA Kak
1 dk ok, ok 1 Ok,
W=y +kox+——Lx’ =L Ly ~y? -
AT Ty 2y
om om 1 do ,
yt———1".
ox dy 2 ot
AmnnurygHasi pyHKINS A aBnsieTcs THHEHHON (pyHKIUER X U £
0A 0A

A=A, +—x+—t. 5.18
0 axx ot ( )

(5.17)
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B Touke X, Y,, T, MbI onpefieiuM A, ¥ OfIHY U3 €€ POU3BOHBIX.
Onpenensist, Hanpumep, 0A/0x, APYryro MPOU3BORHYIO JA/Jt HaXOaUM
13 ypaBHeHus nepeHoca (5.4):

0A c* (ok, Ok, g, 0w c’k, 0A
—=- —t—t=— A=
ot 2ep\ dx dy ¢ ot €,0 Ox

(5.19)

Tenepb Mbl OLEHHM NOTPELIHOCTb ITOM MONENH, JJIs YETO
nopcraBuM pyHkumio nonst U = A exp(i¥), rie A u W 3ananbl Bbl-
paxenusimu (5.17) u (5.18), B ypaBHenus (1.1a), (1.2a), nocne yero
MOJIyYNM ypaBHEHUE HEBS3KU.

AHanu3npys pa3HHLY MeXAy TOYHBIM M MOJEJbHBIM pelle-
HUSIMM, BUAHO, YTO MakCHMMaJllbHas OLIMOKA B ONHCAHUHU MO OIpe-
jeNsieTcsl TMHEWHBIM YJIEHOM C y:

gmon o dg, | dw,
2|55 t52 2
c® dy 2¢° dy 2¢° oy
Tenepp MopucHUUpYEM CTAaHAAPTHYK MOJE/b, BBElSA B Hee
IIABHYIO MONepevYHyro QYHKUUIO aMIUIUTYAbI A (y), KOTOpas CKOM-
NEHCUPYET CHCTeMaTuvecyro oummbky cranpmapTHoit I[IBI'O. Ora
(GYHKUMS ONKChIBAeTCA ypaBHEHHEM DHUpH:
2 2
aé,_z(eogog(})_+w2 o€, 12 aw“)Aly:O.
dy c® dy 2¢° dy 2¢° 9y

Jlnst npeobpa3oBaHust CTaHJAPTHOH MOJiEd B MOJU(DULIIUPOBAH-
HYIO HYKHO IpocTo u3 (a3oBoit ¢pyHKUUH (5.17) UCKIIOYUTH MPO-
u3BORHYIO 0k, /0x.

B HOBOI1 Mopenn nonst pasopast pyHkuus ¥, npuHUMaET BUA:

ok,
¥, =‘{"0+k‘x+l%x2+aﬁyx+—l——+‘yz—
T2 ox dy 2 dy
_ =30, 00, 10w, (5.20)

ox dy 2 9r

OcTanbHble COOTHOIIEHUS MEXAY 4YaCTHbIMH NPOU3BOAHBIMH
(pa3bl OCTAHYTCsI IPEXKHUMHU:

ok, gwodn © Jdg | Jo,
X — + D ; 5.8a
ox c’k, ox 2c’k, ox 2c’k, ox ©-82)
2
dk, gwon o dg, 1 dwy : (5.8b)

e S + sV
dy «c’k, 9y 2c%k, dy 2c°k, Oy
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do _ c’k, do

—_ . 5.9
ot €,00 Ox (>52)

B HOBOH Mopjenu moius, Kak U B CTaHAapTHOH, dw/dt = 0, no-
ckonbKy u3 (5.6) cenyer

W o,
o ot fox’
a npou3sBofgHasi dm /0t u3 (5.9a) BoIpaskaeTcs KaK
om J®
—=-V —.
ot & ox

Ilpon3Boanast BeKTOpa rpynnoBOi CKOPOCTH A1 HOBOI MOJENH
MOXeT ObITh nonydeHa u3 (5.16), korga Mbl MOJCTaBUM TYyHa
COOTHOILIEHHSI MeXJy Nnpou3BopHbiME (5.8a) u (5.8b) nns ¢dazoBoit
dbyuknuu (5.20):

dv c? o c?

— = Vet o5V g - o Vo, +

dt 2g, 2e,0 2e,0

2 2
c'® c‘w
pyp YV, 0,-52V, 0.

£,0 €40

+

3neck mocnegHuil YieH NpaBoi YacTH ONHUCHIBaeT 3P EKT Juc-
NEPCHOHHON pedpakLuy, BeJUYNHa KOTOPOIro OonpenesseTcs: Belu-
YUHOH KO3((HLMEHTA NMONEepPeYHOl YacCTOTHOR Mopyasuuu V o d
MUCIIEPCHOHHBIME CBOMCTBAMH CPefibl, ONPEAENsIEMbIMH N1apaMETPOM
wy. CpaBHenue ¢ ¢popMynoii (5.10) nokassIBaeT, YTO HOBasi MOJIEJNb
110,151 KOPPEKTHPYET BEIMYMHY OOBIYHON pedpakuy.

ITonHas npousBopgHas aMIIATYAbI A MOXeT ObITH MOJYYeHa
HEMOCPEACTBEHHO W3 ypaBHEHHs nmepeHoca (5.4), mpuHHMas BO
BHHMAaHHNE COOTHOLIEHHE MEXNY IPOU3BONHBIMA (5.6):
dA _0A  c’k 0A

dt ot €,0 Ox

IlopcraBnsisi 3HaYeHUs1 YaCTHBIX NMPOU3BOAHBIX (5.8a) u (5.9a) B
ypaBHEHHE NEepeHoca, MOTYYHM:

%—_ﬁ i%_Q_ L_ Czkx ..a_m_+
dt 2|eq0 dy \k, g0’ )ox

® OJg, 1 a(oM]

2e0k, dx 2g,0k, Ox
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Huxe BbINMHIIEM BCE MOJYUYECHHBbIE NyYe€BbIE YPABHEHUS JJIsI HO-
BOH MOJENH MOJIS:

a_y.
a ¥
k
2
Vg =c"—;
)
‘i—‘;":o; (5.21)
dV C2 20) 2
—& = Vg, MV g, Vo, +
t € 2elw’ 2elw’
2 2
o o)
+2 (3)(32 1M e 5V,
dA__ Ay ok (1 ck Jow
dt 2 |g,m dy |k, €j0° )ox
® dg, 1 dwy

2e.k, Ox 2e,0k, Ox

CucreMa ypaBHenuii (5.21) siBasieTcs 3aMKHYTOW TOJBKO AJIS
MOHOXpOMaTHYECKHX BOJIH. B 001ueM cinyvae, 1yisi MOLYTHPOBAHHBIX
BOJIH, 3Ta CHCTEMA HE 3aMKHYTa, T.€. C €€ MOMOUIbLIO Hellb3st MOo-
CTPOHUTH JIy4YH, OCHOBBIBAsICh TOJILKO Ha Ha4aJbHbIX aHHbIX U Mapa-
MeTpax Cpefbl, MOCKOIbKY HE OIpeEfe/ieHa NOJIHAsl MPOU3BOXHAS
d(dw /dy)/dt Bponb ny4a, KOTOpasi ONMKMCHIBAET K3MEHEHUE MoNepey-
HOM YaCTOTHOM Mopynsunn. [{nst pacyeTa aMIVIATYJHOHA (pyHKIHMHA He-
0GXONMMO TaKXKe 3HaTh MOJIHbE Npu3BofgHbie d(dw/ox)/dt wu
d(9k,/dy)ldt.

PaccMoTpuM OUH U3 BO3MOXKHBIX NyTEH BBIYKMCIIEHHS 3THX NPO-
U3BONHBIX. '

§ 6. Kpazuinyuesasi MOJie/Ib NOJIA

st ynpoluieHust 3alKMCH INOCIEAYIOIIUX BbIKIAaAOK BBElEM
clegyoiye 0003HaYeHHs:

KF%; K.=ak"; D=%;
Toox Yy dy
Q,--9 g -9 o _%

ox ] dy at
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Bsenst HOByrO Mopgenb nois yepe3 ¢a3oByio pyHkumio (5.20), Mbl
o0ecne4ynnn COBHAfieHHE TOYHOTO ¥ MOJEJbHOrO pEIUeHHs [0
KBaIpaTHYHBIX YICHOB B NEHCTBUTEIBLHON YacTH W MO JNHHEHHBIX
YJIEHOB B MHAMOM 4acCTH yPaBHEHUS HEBSI3KU.

Mopuguuupys 3Ty Moenb, MOXKHO YYeCTb M 3TH YJIEHBI, €ClH
OyneM yunTbiBaTh npoussofnele oT K, K, D, Q,, Q, Q, Brons ayya
B paccMaTpUBaEMOH TOUKE.

Mopudnkanus Mopenu 3akiarodaeTcs B 3aMeHe ¢a3o0Boi
dynkuun ¥, (5.20) Ha ¢dynknuo W,, roe npousBopgHble ¢assl
paccMaTpUBaKOTCA HE KaK KOHCTaHTHI, a Kak (PYHKUMH MEPEMEHHBIX
Xt

W, =Wy +kx+ % K, (x, Dx*+K,(x, D)yx+ % D(x, 0y’ —or+

+Q (x, Dxt+Q (x, t)yt—%Q,(x, e’ (5.22)

3uavenus seauunH K,, K, D,Q,, Q,, Q, B Touke X, Yy, Ty
cooTHomeHus Mexnay Humu (5.8a), (5.8b), (5.9a) ocrarores
npexuumu. Ipexxanmu ocrarorcs u Bblpaxenus (5.18) u (5.19) gns
aMIUITUTYAHON (PYHKIUH.

IMoncrasnsis HoBbIi aH3aTH U = Aexp(i ¥,) B HCXOQHOE BOJIHOBOE
YPaBHEHHE U BbIfE/IsIsi AEACTBATEIBHYIO 4acTh, NIOJy4YHUM ypaBHEHHE
HEBSA3KH MEXy TOYHBIM U NPUOIKEHHBIM pellleHHEM:

~A( 10K, oK, 10D >,
2 ox ox 2ox”
Q,
9Q, 0, 109 2] — A(K,x+ Dy +Q.1)* +

ox T ox 2 ox

1
+tA—|gg+—x+— +
( ox 2 ox? Frad dy 2 9y? Y oxdy v

(wlaKz_a_li 19D ,

o,  10%, +8& +18280 , o’ )x

+ +
2 o a P
90
ot
10Q, , )2 1( ow 10°0,, -
=L -Qt| —A5 |0, +—Lx+—— L x* +
2 ot ! UM ox * 2 ox? *
2
do, 10w, , o, Y
dy Y 2 9y’ Y 0xdy i (5.23)
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JIunelinble 4IeHbI 3[eCh YXKe OTCYTCTBYIOT B cuny (5.20). Teneps
MBI 3aNMIIIEM YCIOBHS, KOTa KBaipaTUUHbIE YWIeHbl 00pallatoTcs B

HYJb.

KoaddunueHT npu y?> npuBORUT K yPaBHEHHIO:
oD , ., €,wadD
—k,—-K;-D* -%——+
fox ¢t ot
g ., | o, o %,
+5Q ———-+——5=0. 5.24
c? 2¢r 9y?  2c 9y’ 629
Jns koappunenTa Npyu NEPEMEHHBIX X! UMEEM
%% _ka ko 2% &g q oo (5.25)
ox : Y et dt
st KoadpuuuesTa NpU NEPEMEHHDIX Yy UMEEM
0Q, e, 0Q ¢
—k —2_ KQ -DQ -0 00O =0. 5.26
* ox e P (5.20)

N3 ypaBHenuin (5.24)—(5.26) MOXHO [OCTATOYHO MNPOCTO
NOJIYYHTDb MOJIHYIO NPOM3BOAHYIO BAoabL nyda pna Q., Q,, D,
HCIOJb3Ys CBSA3b MEXAY NPOU3BOAHBIMHU (5.6).

HedcTBysi TakuM 0Opa3oM, NOJYYHM:

dD cz(mz ok, | BmM)z I o,

2%k, dy 2c%k, dy ) 2e,0 0y

dt €,0

@ 0’ o, o+
2e, 0y’ (g 0% —®,)

y

, .
A ) BT R
0 M y y €o®
2
dQX_LQ%+ 1 '__Ckx2 i—-
dt  k, €0k, €W
- La&__l_ﬁamM Q -
20k, dx 2ge,wk, Ox )
@ d& 1 doy|, . (5.25a)
2e0k, Ay  2e.0k, dy |
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dQ, 1 Jdo, ® Og,

dr \2eq0k, dy 2gok, dy ) ©

2 2
_“api|t-Chlaa. (5.26a)
£, - k., g,m C

X

§ 7. O6cyxenme pe3yibTaToB

HTak, Mbl NONYYHUIH 3aMKHYTYIO CHCTEMY JIYUYeBbIX ypaBHCHHH
sl cpedl ¢ NPOM3BOJIbHBIM 3aKOHOM YacCTOTHOM aucnepcuu U yoe-
IAHJIUCL B TOM, YTO BBIBOABI O CyllleCTBOBaHHU 3¢dekTa gucnep-
CHOHHO# pedpakuuy, CAeIaHHbIE HAMH TP HCCIIENOBAHMM YpaBHe-
Hust KnefitHa—I'opgoHa, cnpaBeanuBbl Jisl BCEX TUIIOB JUCIIEPrUPYIO-
LIMX Cpef.

OnucaHHbIN BbllIe CIOCOO MONYYEHHUS MOJHbIX HPOU3BOAHBIX D,
Q, Q yxe BbIXOAUT 33 PAMKH r€OMETPUYECKOM ONTHKH, TOCKONIbKY
yYMTBIBAET HE TOJIbKO MEPBYIO U BTOPYIO, HO TAKXKE U TPEThIO
npou3BOHYIO (a30Boil pyHKUMHU. 30eCh MbI YUUTbIBAaEM 3(POEKTHI
BTOpOro nopsigka Manoctu O(x?), KOTOpbl€ MOXHO OTHECTH K [H-
(ppakHOHHBIM (pepaKLHOHHBIE, HIU €OMETPOONTUYECKHE, SBIIE-
HMsI UMEIOT NEPBbIH NOpsifoK ManocTu O(x)).

Ho, BooGl1ie roBopsi, TO e caMoe JieJ1aeTcsd U B KI1aCCH4eCKOo#
rEOMOIITHKE, KOrJla aMIUIMTYyJa OMNpeAesieTcsl MO pacXOJHMOCTH .
nyueBOil TPYOKH, a 3TO TaKXe e€CTb YHYET TPETbEH MPOU3BOAHON
azoBoit PyHKIMH.

MBI Ha3BajiM Hally MOCJENHIOI MOJENb KBa3UJIy4yeBOH, mo-
CKONbKY pewienue ang D, €2, €2, CBEJIeHO K NOJIHbIM NPOU3BONHBIM
1o ¢ BOJb JIy4a, KaK U IJIs1 OCTalAbHbIX NAPaMETPOB BOJTHOBOTO MOJIA.

Ypasuenus (5.21), npononHeHHble ypaBHeHUsIME (5.24a), (5.25a) n
(5.26a), npeactaBasitoT cOO0I 3aMKHYTYIO CUCTEMY JIyYEBBIX ypaBHe-
HUH U] BOJIH C YaCTOTHON Mopyisiquei. [Insi onucaHust MOHOXpPO-
MaTHYECKUX BOJIH JOCTATOYHO ypaBHeHud (5.21).

N3 (5.25a) u (5.26a) cieayeT, 4TO MpPOAOJIbHAs M MONEpeYHas
YaCTOTHbIE MOAYJISILMKA MOTYT TpaHcOpPMUPOBATHCA APYL B IpYyra,
4TO OTMevanoch U panee [62, 72]. OgHako, ecnu TpaHchopManus
nonepeuHoil MoayasiuMMd B MPOROJBHYIO HaOmrogaeTcs gaxe B
OJHOPOJHOM cpefie, TO 0OpaTHas TpaHchopMalust TpeOyeT HaTHIHs
nonepevuHoil HEOJHOPOAHOCTH Cpefibl. 3TO FOBOPUT O TOM, YTO A
BOJIHOBBIX MAKETOB C MPOAOJbHONW MOAYJISILUEH, U3/y4aeMbIX OObIY-
HbIMH aHT€HHAMH U PacpOCTPaHSIIOLIUXCSI B HEOGHOPOJHOM Cpefie ¢
YAaCTOTHON AMcCHEpCHEH, BO3HUKAIOT YCIOBHA [JIsI MMOSIBICHHS
a¢ekra gucnepcuoHHo pedpakuHH.
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Bce nonyyeHHble B raBe 5 pe3ynbTaThl, KaK HETPYHO BHAETD,
COBNANAIOT C aHAJOTHYHbIMH pesyinbraTamu A YKI B uwactu
nydyeBoi Mofienu u BepHbl A YKI' B uactu KBa3uiny4yeBod Moeny,
€cJid B O0O0OIIEHHBIX (POPMYJIaX MOJOXKUTE €, = 1, Wy, = coi.

Bau3ocTh cTPYKTYpBI Jy4eBbIX YpaBHEHHUMH, MOJYYEHHBIX IS
NPOHU3BOJILHOTO 3aKOHA YacTOTHOW JHUCIEPCHH, K AHATOTHYHBIM
ypaBHEHHsIM, [Toy4YeHHbIM paHee ansg YKI', ¢pusuyeckn obbscHsaeTcs
TEM, YTO caMma IO cebe reoMeTpuyeckasl ONTHKA SIBISIETCS
KOPOTKOBOJIHOBbIM NpUOJIMXKEHUEM, a YpaBHeHUue Kineiina—['opnona
ABJISIETCS ACHMOTOTHYECKHUM IS BCEX BHIOB YAaCTOTHOH JUCIIEPCHU
IpH NOBbIIIEHUH YaCTOThI (YMEHbIICHUH [AJIUHBI BOJHBI).



